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SERIES INEQUALITIES INVOLVING CONVEX FUNCTIONS

BY

CHRISTOPHER O. IMORUi1)

ABSTRACT.   The object of this paper is to extend some recent general-

izations of Petrovic 's inequality by Vasic and others.  We shall also use our

technique to obtain some results which have interesting applications in the

theory of Fourier series as well as the theory of approximations.

1. Introduction. M. Petrovic [9] (see also Mitrinovic [7]) has obtained the

following result:

If 0 is a convex function on the segment / = [0, a], if x¡ E I, i =

1, • • • , n  and xx + • • • + xn E I, then

(1.1) 0(xj) + • • • + 0(x„) < 0(x, + • • • + xn) + (1 - n)0(O)

with equality if and only if either n = 1   or xx = • • • = xn = 0.

Recently, there have been various generalizations of this inequality, some of

which were given by Markovic [6], Vasic [11], and Keikic and Lackovic [5].

(For further references on these and other generalizations, see Mitrinovic [7].)

The purpose of this paper is to give an improved version of this elegant

inequality of M. Petrovic and to discuss in detail some of the consequences and

applications of our main results.

2. Generalizations of Vasic's inequality.  Suppose  (ak)x <k<n Ç [1, °°] •

Then the inequality

(2.1) ± ak4>(xk) < 0 ( f akxk) - (I - ¿ ak
k=l \fc=l /        \       fc=l

holds for every continuous convex function  0  defined on /   = [0, °°]   when-

ever xk E I, k = 1, • • • , n  and  YPk=xakxk EI= (0, °°).
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This inequality was proved by P. M. Vasic [11], who made use of the

property of convex functions.  He obtained from this inequality generalizations

of certain inequalities of D. Markovic [6] and S. Gatti [2].  Further generaliza-

tions of his results were also given by Keökic and Lackovic [5].

We shall obtain in this section some generalizations of Vasic's results. In-

deed, our results will show that Vasic's results and other existing similar results

hold under weaker conditions. Throughout this paper, a = (ak)    ^.^    will
**■       Ht ^ K ^s ft

denote a sequence of real numbers so that  S"=1ak > 1, with equality if and

only if « = 1.  In order to prove our main results, we shall make essential use

of the following inequality of Steffensen [10]   (see also [7] and [8]), which we

state, without proof, as a lemma.

Lemma (The Jensen-Steffensen inequality for sums).   If 0 isa

continuous convex function on I = [a, b], - °° < a < b < °°, if (zk)_m < k< „ C T

never decreases and (ck)-m<k<n satisfies the inequality

(2.2) 0< ¿cfc<   ¿   ck      (-m<v<ri)
k=v k=—m

with  YPk=_mck > 0, then

(23) /^-mc^A    i;,-„c»^)

Remark.  For the necessary and sufficient conditions for inequality (2.3)

to be strict, see [3].

Since the conditions for strict inequality in the results of this paper follow

from those of the lemma, we shall always be tacit about the necessary and suf-

ficient conditions for equality.

Theorem 2.1. Let (xk)-n<k^n  be a nondecreasing sequence of points in

(a, b) where - °° <a < 0 < b < °° and 0<xk<b for k>l. If

Z akxk e [°- b)   and   **|l -*o( Z akxk)        + x-k E (a- b)

where ak > 0,   1 < k < «, then the inequality

(2.4)

¿ ßfc0  xk - Xkx0 ( ¿ akxk j     + x_ J

í ¿ «fc*fcl - 0(*o)+ L ak<Kx-k)
fc=l
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holds for every continuous convex function 0 defined on  (a, b).  The inequality

is strict unless x_n = • • • = xn - 0.

Proof. Consider the particular case  m = n - 1   of the lemma.  Set

n

z_, = x_k,    Kk< n,      z0 = x0,      z, = £ akxk,
k=\

c_x=ak,     l<fc<n,     c0 = (JLakxk) akxk> ci=(i>fc*fc) <****•

It is readily verified that the conditions for the validity of inequality (2.3) are ful-

filled. So, we have for 1 < k < n,

M*-fc-*fc*of IX**)     +xk\

<ak<!>(x_k)-akxk(¿akxk\   <P(x0)+akxk^akxk\   <pr¿akx\.

Summing up this series of inequalities over k, 1 < k < n, we obtain the assertion

of the theorem.

By the same method, the following theorem can be proved.

Theorem 2.2. Let (xk)^n<k<n  be a nondecreasing sequence of points

in (b, a) where -°°<b <0<a <°° and b < x_k < 0 for k > I. If

n

£ a-fc*-fe G (ô, 0]    and   x_
k=l

*-*   1 - *0 ( Z a-kX-k J        + Xk e (*• *)

where a_k > 0,  1 < k < n, then the inequality

n

k

(2.5)

Ç a-fe0 *_* j 1 -Ä0í ¿ ß-fc^-fc j    [ + xk\

0(*o) + Z a-k<t>ixk)
fc=i

«o/cis /or every continuous convex function 0 defined on (o, a).  The inequality

is strict unless x_n = • • • = x„ = 0.

Suppose x_fc = x0 = 0,   1 < k < n, and ak > 1,  1 < A: < n, then inequal-

ity (2.4) reduces to inequality (2.1). Of course, under the weaker assumptions

ak > 0,  1 < k < n, with 2£=1afc > 1, one obtains the improved version of in-

equality (2.1), namely:
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(2.6) ¿ ak<¡>(xk) < J ¿ akx J - (l - ¿ afc) 0(0).
fe=i V=i     /    \    fc=i   /

A similar inequality analogous to inequality (2.6) can be obtained from Theorem

2.2.  Indeed, if we put xk= x0 = 0,   1 < fc < «, in inequality (2.5), we obtain

(2.6') £ a_k<Kx_k) < 0( ¿ a_kx_k) - (l - ¿ a_fc) 0(0),
fc=i \fc=i /     \     fc=i     /

where (*_fc)i<fc<n  is a nonpositive decreasing sequence in (¿?, 0] and

a_fc>0,   1 <fc<«,   Xkl=xa_k>l.

The proof of our next result is based on the following:

Theorem 2.3. Let (ak)_m<k<n CR+, an>0,and suppose (i-k)_m<k<n

is a sequence of increasing real numbers in 1= (a, b) where -°°<a<Z><00.  If

2k=-m + iafc > !> with equahfy if and only if n * I, a„ + zVk=_mak > 0

(-m<v<n-l)and*„_, <(^k^makT^"k=_mak^k,Vnk=-m«kTl*nk=-m«kh

G I, then the inequality

k=-m \k=-m   /    \ ^k=-mak /

holds for every continuous convex function 0 defined on I. The inequality is

strict unless %k = 0, - m < k < «.

Proof. Put cÄ =-ak, - m < k < « - 1, c„ = 22=_mafe, zfc = £fc,

-m<&<«-l  and zn = (2,k=._mak)2k=_mak%k  in the Jensen-Steffensen

inequality for sums (i.e. the lemma).  Then the conditions for the validity of in-

equality (2.3) are fulfilled. Hence, the assertion of the theorem is immediate.

Suppose m = 0, a0 = 1 - 2£=1afc  and  £0 = 0. Then, we obtain the fol-

lowing special case of the theorem.

Corollary 2.4. Let (ak)x<k<n CR+, and suppose the sequence

(xk\<k<zn - I= (fl' *)> -°°^a<b<°°, never decreases.  If S^a^ G I,

then the inequality

(2.8) ¿ ak<p(xk) < 0( ¿ akxk) - (]I - ¿ ak) 0(0)
fc=i \fc=i     /   y   k=\ j

holds for every continuous convex function  <p defined on I.   The inequality is

strict unless xk = 0,  1 < k < n.

This corollary suggests that the consequences of Theorems 2.1 and 2.2, when

combined, yield:
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Proposition 2.5. Let a = ia_m, • • • , an) and x = (x_m, • • • , xn) be

arbitrary sequences of numbers which satisfy :

m n

(i) «o>-i.  ok>0, k*0,   £>_fc>i,   I>fc>i,
fe=l fc=l

(x-k)o<k<m £t= (*'» °]>       (xk)o<k^n 9/ss I0' &>

(ii) n m

Z ßfc*fcG/>        Z  0_kX_kEl'
k=l fc=l

and

(in) (*fe)-m<fe<«  never decreases.

If 0 is a continuous convex function on /' U £ rnen fne inequality

(2.9) ¿ aft0(xfc)<0(   ¿  «fcxJ-(l-   ¿  ^0(0)
ft=—m \fc=—m /        \      k=—m     J

holds with equality if and only if x_m = • • • = xn = 0.

Proof. From Theorems 2.1 and 2.2, we have respectively:

(2.10a) ¿ afc0(xft) < ( ¿ akxk) - (l - ¿ afe ) 0(0),
fc=l \k=l /       \      k=\    /

m /m \       /        m       \

(2.10b) £ o_k<p(x_k) < ( Z 0-kx_k ) - (l - Z «-*) #<>).
ft=l \fe=l /       \      k= 1      /

Adding ao0(xo) to the sum of these inequalities, we get

z£  «fc0(*fc) < 0 ( Z fl-fc*-/t) + a0^o) + <t> ( Z afc*fc)
-m \fc=l / \fc=l /

('       ™ "     \
2-z «Ht-z:«*]*(o).

fc=i fc=i   y

Taking m = 1, n = 1  and a_x = aj = 1, a0 =a0,  %_x = 'Lr¡^=xa_kx_k, £0 =

x0  and %x = Xk=xakxk in Theorem 2.3, we get from inequality (2.8), n = 1

<t> (2 «-**-*) + *o0(*o) + * f Z <V*) < * f  Z  <Va) + (1 +«oM0>

Using this inequality in the above inequality, we obtain inequality (2.9).

From inequality (2.9) for m = 0, x0 = 0 and ak = X~lpk >0 (X>0,pk>0),

1 < k < n, we get the inequality
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(2.11) ¿ pk<p(xk) < X0 U  ¿ pkx\ - (X - ¿ pk) 0(0).
k=X \A   k=\ J      \      k=\    J

This inequality was obtained by Vasic (see [8, 3.9.58]) when X is a posi-

tive integer and

nx-\ n2-l n

Z Pkxk=  Z  Pkxk = '"=T.Pkxk'     Pk>l>  1<*<».
(2.12) fc=1 fc="i fe="

»o = 1>   "\-l="-

This result is easily obtained by a repeated application of inequality (2.6).

Our next result shows that the conditions pk> 1,  1 < k < «, and X is an

arbitrary positive integer can be relaxed.

Theorem 2.6. Suppose (otk)0<k<r Ç (-°°, °°) is an arbitrary sequence of real

numbers which satisfies a0 = 0, and  1 = «aQ < «al — I < • • « < «ttr - 1 = n,

(«o, )0<fc<r are positive integers.

Let 4> be a continuous convex function on I = [0, b) and let x =

(xx, • • - ,xn) and p = (px, • • • ,pn) be two arbitrary sequences of real num-

bers, pk>0,   Kk<n,with  zV¡.=xpk>\ar\. If

"1 a2

(2.12') £    pkxk =     £   Pkxk = • • • =     J2     pkxk
k=\ k=n~ k=n

'1 arav-1

77ze« r«e inequality

i Pk<t>(xk) < |ar|0 (-J- ¿ pfcxfcJ - (|ar| - t Pk\m
K— 1 \ K— i X \ AC— 1 #

holds whenever (xk)x<k<n ÇI- [0, b) is nondecreasingand \ar\~l^=xpkxk G I.

It is readily verified that this theorem generalizes inequality (2.12). The case

|ar| = X = 1 is the improved version of inequality (2.6). Since this theorem can

be obtained by a repeated application of inequality (2.6), the proof is, therefore,

omitted.

Observe however than an extension of inequality (2.11) can be obtained as

a direct consequence of Theorem 2.3.  Under more restrictive hypotheses on the

pks and xks, the conclusion of Theorem 2.6 holds when condition (2.12') is

relaxed.

We state this result as follows:

Theorem 2.7. Let 0 be a continuous convex function of   I = (a, b),
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- °° < a < b < oo, and suppose   (ak)0<k<n CR,   a„ + Z£=0ak > 0

(0<p<n-l) and "Ek=0ak > 1, with equality if and only if n = 1. If

(xk)0<k<n  is an arbitrary sequence of real numbers in I satisfying

(n       \-l   n / n        \-l   n

Zfl*)  Evt- where (Zak) Zfl***e/>
k=0     y      fc=0 \fe=0      /     k=0

then the inequality

(2.11 ') ¿ ak<¡>(xk) < X0 (|  ¿ Äfc* J - (X - 2 «fcV(°>
fc=l \A   k=l /        \       *=1      /

is valid, where 0 is an arbitrary number which satisfies a0 = X- %k=iOk < 0,

XG£!+.

Proof. Put m = 0, ak=ak, 0<k<n, %0 = 0 and ^fc=xfe,  l<fc

< n, in Theorem 2.3.  The assertion of the theorem is, therefore, immediate.

Inequalities (2.11) and (2.11') are further generalizations of Vasic's general-

izations as well as Kecvic and Lackovic's generalizations of an inequality of S. Gatti

and certain inequalities of Markovic, Marshall-Olkin-Proscham.  These inequalities

can be obtained from inequalities (2.11) and (2.11') for the appropriate choices

of X, pk  and ak  (1 < k < n). Our method of proofs, which differs sharply

from the existing ones, clearly shows that the inequalities of Vasic and others

are derivable from the Jensen-Steffensen inequality.  Our next result combines the

Jensen inequality and the extension of Petrovic's inequality as given by Proposition

2.5.  Of course, this result, like our other results, is not only an extension but an

improvement of a recent result proved by Janic and Vasic [4].

Theorem 2.8. Let the derivative <j>   of the function 0 defined on 1 =

[0, 2b]   be continuous convex on   [0, 2b]. If (xk)x<k<„ C [0, b], pk> 0,

1 < k < n,   2"    pfc > 1  with equality if and only if n = 1, and ~L"=xpkxk E

[0, b], then we have

"   r /^=ipa\   /   s*=ip***y]
fc=l

(2.13)

> Z Pk<Pixk) - Z Pk^>i2b - xk)
k=\ fc=l

>

+ (i-2pfcWô)-^(°)].
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There  is  equality  in   the first  inequality  if and  only   if   xk =

(Zl=lpkylI,k=xPkxk,   1 < k < «, while in the second inequality if and only

if xk = 0,   1 < k < «.

Proof. Since 0'"© > 0, % G [0, 2b], we have, by the first mean value

theorem, F: u —► (p(2b -u) — 4>(u)  is a continuous convex function in [0, b].

Hence, an application of Jensen's inequality for sums and that of the improved

inequality of Petrovic (see inequality (2.6)), gives

/Zl=xPkxk\

\ VUlPk I

Vnk=lPkF(xk)   ^FÇLl=xpkxk)-(\-?,nk=xpk)F(0)

^k=xPk ^k=xPk

The proof of the theorem is, therefore, obvious.

In a similar way, using Theorem 2.7, we obtain the inequality:

HÍ-^p7)-T'^p7)\z

(2.13')

> Z Pktí**) -Ep*#G»-**)
fc=l fc=l

> xn x Z Pfc^k) " ^ P " x Z Pkxk)

+ (*-í>/W¿)-0(O)]

where

0< !>*<!>*.    !<*><", with ^Pit>^  X>!.
fc=y fe=l fc=l

and

(n        \-l     n n

Z Pk )   Z Pfcxfc where Po = * - Z Pk < o-
fc=i   /   fc=i k=i

3. On a theorem of Boas.  As an application of our results, we shall obtain

the following result which has many interesting applications in the theory of

approximation as well as Fourier series.

Theorem 3.1. Let K(x, y) be nonnegative homogeneous of degree - 1.

Let S-coK(l, u) du < °° and suppose that either

(x) K(m, n) decreases in both arguments, K(0, n) = 0 for each n, or
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(ii) K(m, n) =0 for m> n, K(0, n) > 1  and K(m, n) decreases in both

arguments for m < n, or

(iii) K(0, n) = 0 for each n, K(m, n) = 0 for m<n and K(m, n) decreases

in m and is monotonie in n for m>n.

Then, for any arbitrary positive number X suchthat 2^I__r/L'(nz, n)X_1 >1,

- °° < r, s < °°, we have

(3.1) 2        2 Kim,n)aY>Aip,X,K)   2 <>    P>U
n=—oo [_f7j=—oo m=— «•

oo oo I n oo

(3.2) 2]        £tf(m,n)am     <A(p,\K)   £ <>     0<p<l,
n=—<*> |_m=—°° m=— ••

provided (am)_oo<m<» Ç/?  is monotonie nondecreasing,  (am)0<m<oo Ç /?+

and (flmL<m<0ÇA..   The constants A(p,X, K) = fR_[0X)K(l,u) du in

case ii), A(p,X,K) = fx K(l,u) du incase (ii) and ^4(p, X, >v) = fl^K^, u)du

in case (iii) are nof necessarily the best possible.

Boas' theorem [1, Theorem 2] follows from Theorem 3.1 when (am)m<0

is a null sequence (i.e. am = 0, - °° < w < 0) and the sequence  (om)m>0  is

quasimonotonic decreasing in 7?+   (i.e. iomm~K)m>0  is monotonie decreasing

for some nonnegative number X).  A somewhat stronger version of this theorem

can be obtained by using Theorem 2.3.

Proof of Theorem 3.1.  Let <¡>(u) = uP (p>l  or p < 0) and xm =

am   and am = K(m, ri)X~x   in the inequality

2   am0(*m)<<M     2   Vm     -  ( 1 "    2   am)
n=-r \m=-r /        \       m=-r       J

0(0)

(see inequality (2.9)). We have

(3.3) |   2 Kim, n)am~\P > Xp~l   ¿ Kim, n)apm.
\_m =—r m =—r

Letting r  and s  approach infinity, we get on summing the result over n,

- °° <n < °°,

2 2   K(m,n)ay >V-1 2       2   K(m,n)a
n=— oo  [_ m=—o° n=—oo   m=— °o

P
in

-v1 2 < 2 *(*.«).
/ij=—°o      n=—oo

In case (i), we have for each m, K(m, n) decreases and is homogeneous of degree

-1. So,
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-n+1

n=\ n=l

£ K(m, n) > Z /„    K(m, t) dt = j~K(m, t) dt =?m-1 f~K(l, r//«)tfi
n=l

= «T1 /"*(!, «)m du = j~K(l, u) du

¿ K(m, «) = Z *K -n) > Z f"_, A"(w, -i) A = «T1 Í"a:(1, -f/m) <if
n=0 n=lJ"   '

- m-ij^Kd ,u)-mdu = -/""*(!,")<*" = /Ü *(1, ") du.

Consequently,

Z K(m, «) =   X  K(m> ») + Z *("». »)
n=-°o «=—»o n=l

> /^ tf(l, m) ¿" + /"if (1 ,«)</«= /£AT(1, w) du,

where £ = 7? - [0, 1).

We, therefore, have

¿ £   ^K «)amlP>^l(p,X,/0   Z   am>      P>lorp<0.
n=—oo   j_m=— oo m=—oo

In case (ii), we have as in case (i), using inequality (2.9),

>\p~l   £       Z  K(m,n)a\Z Z   K(m> «)««   ":
«=-<» Lm=_°° J n=-oo   m=_oo

= *p_1   Z < Z *(»». «)
m

and the same argument as in case (i) gives us the desired result with A(p, X, K) =

In case (iii), we have as usual,

» oo "jp oo        oo oo rn

Z        Z  K(m,n)am\   >XP"» J    £ K(m,n)apm=   Z «5. Z ^m'")-

Now, if K(m, n) increases in «, then

m HL    en Cm r\
£ K(m,n)>   £  Jn_1K(m,t)dt = J_taK(m,t)dt)J_tBK(l,u)du.
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If, however, K(m, n) decreases in n, we have

m m     /-"+! rm + l r\
¿ K(m, n)> £ J       K(m, t)dt=] _x   K(m, t) dt > J_JC(1, «) du.

n=—oo n=—oo

In either case, it follows that inequality (3.1) holds with A(p, \K) = S^KQ., u)du,

which proves case (iii) of inequality (3.1).

This completes the proof of inequality (3.1).  The proof of inequality (3.2)

is similar.  Indeed, all we need is to observe that inequalities (3.1) and (3.2) are

equivalent.  To see this, write q = 1/p (p > 1) and ap = bm  in inequality

(3.3). We have

f" 2 K(m, n)bm~Y > \<»/«)-l    ¿ K(m, n)bm
\jm-—r m=—r

i.e.

I   2 K(m,n)bm~\q <Xq~l   2 K(m,n)bqm.
\_m=—r m=—r

The same argument as above completes the proof of the theorem.

Numerous interesting applications of the results in this paper provide short

methods of obtaining results analogous to those that are similar to Hubert's

double-series theorem (cf. [3, Chapter 9]).  Some results in the theory of approx-

imations and on the absolute convergence of Fourier series are further applica-

tions of the results of this paper.  These applications will appear elsewhere.
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